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ABSTRACT
Within the standard hierarchical structure formation scenario, Milky Way-mass dark matter
haloes have hundreds of dark matter subhaloes with mass  108 M. Over the lifetime of a
galactic disc, a fraction of these may pass close to the central region and interact with the disc.
We extract the properties of subhaloes, such as their mass and trajectories, from a realistic
cosmological simulation to study their potential effect on stellar discs. We find that massive
subhalo impacts can generate disc heating, rings, bars, warps, lopsidedness as wells as spiral
structures in the disc. Specifically, strong counter-rotating single-armed spiral structures form
each time a massive subhalo passes through the disc. Such single-armed spirals wind up
relatively quickly (over 1–2 Gyr) and are generally followed by corotating two-armed spiral
structures that both develop and wind up more slowly. In our simulations, self-gravity in the
disc is not very strong and these spiral structures are found to be kinematic density waves. We
demonstrate that there is a clear link between each spiral mode in the disc and a given subhalo
that caused it, and by changing the mass of the subhalo, we can modulate the strength of the
spirals. Furthermore, we find that the majority of subhaloes interact with the disc impulsively,
such that the strength of spirals generated by subhaloes is proportional to the total torque they
exert. We conclude that only a handful of encounters with massive subhaloes are sufficient for
regenerating and sustaining spiral structures in discs over their entire lifetime.
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1 IN T RO D U C T I O N
The cold dark matter scenario predicts a hierarchical growth of
structures in our Universe, whereby low-mass objects form first
and more massive structures are assembled later on in course of
merging and accretion. Hence, dark matter haloes are expected
to contain a large number of smaller mass haloes, often dubbed
subhaloes, which are gravitationally bound within. With the aid
of high-resolution cosmological simulations, properties of these
subhaloes can be directly studied. For example, the Aquarius sim-
ulation (Springel et al. 2008) reports an average mass fraction of
11.2 per cent for subhaloes within r50, where ∼300 000 subhaloes
in the highest resolution simulation are resolved. The abundance
function of subhaloes generally agrees well among different sim-
ulations (Bullock 2010), where the abundance of subhaloes above
a given mass threshold is roughly inversely related to their mass
through a power-law function, i.e. there are more small-mass sub-
haloes than large-mass subhaloes (Springel et al. 2008; Gao et al.
2004; Diemand & Moore 2011).
 E-mail: shaoran.hu@gmail.com
In the hierarchical growth scenario, dark matter haloes accrete
infalling subhaloes continuously. As subhaloes orbit in their host
dark matter halo, their orbits usually decay and they lose mass
due to dynamical friction and tidal stripping. In a semi-analytical
study, Taylor & Babul (2004) found that the mass loss in a single
orbit varies from 25 per cent to 45 per cent, depending on the orbit
eccentricity and the concentration of the subhalo (see also numerical
works by e.g. Boylan-Kolchin, Ma & Quataert 2008; Jiang et al.
2008). As a combined result of both effects, most subhaloes that
survive reside in the outer region of the dark matter halo and are
prevalently newly accreted. In fact, Gao et al. (2004) found that
only 8 per cent of the subhalo mass survived from z = 1 to 0.
In our Local Group, observed satellite galaxies are considered to
be embedded in dark matter subhaloes (e.g. Mateo 1998; Collins
et al. 2010). The observed velocity curves of Local Group dwarf
irregular (dIrr) and dwarf spheroidal (dSph) galaxies can be well
fitted by two components, one following the visible-light distribu-
tion, while the other being considered as a dark matter component.
When compared with visible satellites, cosmological simulations
often overpredicts dark matter subhaloes. This is known as the
missing satellites problem (Klypin et al. 1999; Moore et al. 1999).
Taking into account the lower luminosity limit of observations,
at least part of the problem can be solved (Tollerud et al. 2008;
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McConnachie et al. 2009; Koposov et al. 2015). It is however also
believed that other factors may be at play. Apart from an alternative
dark matter model, e.g. the warm dark matter model that produces
much less small-scale structures (for recent work, see e.g. Lovell
et al. 2014; Bose et al. 2017), one may solve the missing satellites
problem by studying various baryonic effects. For instance, baryons
may alter the central region of the subhaloes to a core (Navarro, Eke
& Frenk 1996), which enhances the tidal stripping effect on sub-
haloes (Pen˜arrubia et al. 2010); photoionization background and
supernova feedback can suppress star formation in low-mass satel-
lites (Efstathiou 1992; Larson 1974; Dekel & Silk 1986; Sawala
et al. 2016); baryonic discs may destroy the subhaloes through
strong tidal effects (D’Onghia et al. 2010). Such baryonic effects
reduce the number of dark matter subhaloes and weaken or prevent
formation of visible galaxies in some of the dark matter subhaloes,
making them ‘invisible’. One way to probe such ‘invisible’ dark
matter subhaloes is through their dynamical interactions with bary-
onic components, e.g. streams (Erkal & Belokurov 2015).
It is moreover expected that ‘invisible’ dark matter subhaloes
may also be detected through their interactions with the stellar
disc. In fact, stellar discs are in general found to be very sensitive
to perturbations, including massive molecular clouds (D’Onghia,
Vogelsberger & Hernquist 2013) and large-scale torques (Dubinski
& Chakrabarty 2009; DeBuhr, Ma & White 2012). In particular,
Hu & Sijacki (2016) found that a realistic triaxial dark matter halo
can lead to two-armed grand-design spiral structures. Given that
subhaloes exist widely in dark matter haloes, it is necessary to
understand their interactions with the spiral structures.
Gravity-induced spiral structures may develop in strong self-
gravitating discs (see e.g. Sellwood & Carlberg 2014; Hu & Sijacki
2016). Flocculent, recurrent, multi-armed spiral structures form in
this scenario. However, discs embedded in a realistic dark matter
halo may experience disc thickening and heating in response to sub-
haloes, therefore weakening the self-gravitating effect. The vertical
scale of the disc in expected to extend by at least 50 per cent–
100 per cent, with warps also developing in the disc (Velazquez &
White 1999; Kazantzidis et al. 2009; Weinberg 1998). Moreover,
the velocity dispersion of stars in the vertical direction is found to
increase when satellites interact with the disc (Moetazedian & Just
2016; Go´mez et al. 2017), which leads to an increase in Toomre’s Q
parameter and can stabilize the disc against self-gravitating modes.
The mass of the subhalo plays a key role in these interactions.
Moetazedian & Just (2016) found that only relatively massive sub-
haloes (M > 109 M) contribute towards vertical heating, while
Grand et al. (2016) and Go´mez et al. (2017) found that the domi-
nating effect comes from a few satellites with M > 1010 M.
Previous studies with single test subhaloes have shown that mas-
sive subhaloes impacting with discs can generate grand-design spi-
ral structures (but see also Dubinski et al. 2008). Purcell et al. (2011)
found that subhaloes of mass ∼1010.5–1011 M passing as close as
30 kpc from the disc centre are able to generate realistic two-armed
grand-design spiral structures. Pettitt, Tasker & Wadsley (2016)
found that the mass limit can be pushed as low as 109 M with a
closer impact point of 12 kpc, where very weak two-armed spiral
structures can be seen from the Fourier analysis. They also demon-
strated that the spiral response in gaseous and stellar components
are very similar.
In this work, we aim to study the influence of subhaloes on stellar
discs with a more realistic setup to address the following problems:
(i) how subhaloes with realistic properties and trajectories extracted
from cosmological simulations interact with the stellar disc, (ii) how
multiple subhaloes impacting the disc in succession influence each
other, and (iii) how the strength of the spiral structures depends on
the properties of the subhaloes.
In Section 2, we introduce our simulation setup. We present
the dark matter properties of our main simulation in Section 3.1,
where realistic subhaloes impacting the central disc are identified.
Disc heating due to subhaloes is discussed in Section 3.2. Non-
axisymmetric modes including the spiral structures that develop are
studied in Section 3.3. The kinematic properties of these modes are
then studied in Section 3.4. We then demonstrate the link between
the subhalo properties and spiral modes in Sections 3.5 –3.7. Finally,
in Section 4, we present our conclusions.
2 M E T H O D
2.1 The numerical approach
All simulations in this paper are performed with GADGET-3, an
updated version of GADGET-2 (Springel 2005). GADGET-3 is an N-
body/SPH code, where different simulated components, such as dark
matter and stars, are represented with particles. The gravitational
interaction of the particles are calculated with the TREEPM method.
We model our static dark matter halo based on the Aq-A-4 dark
matter halo from the Aquarius simulation (Springel et al. 2008). The
Aquarius simulations is a dark matter-only cosmological simulation
aimed to reproduce Milky Way-sized haloes. At z = 0, the Aq-A-4
halo has the virial mass of M200 = 1.84 × 1012M within the virial
radius r200 = 246 kpc, consisting of 1.85 × 107 dark matter particles,
each with a mass of mDM = 3.93 × 105 M and a softening length
of  = 342 pc. Detailed description of how we model the dark matter
halo from the Aquarius simulation is included in Section 2.2.
The stellar disc is initially modelled with an exponential surface
density profile and a vertical isothermal sheet profile following
Springel, Di Matteo & Hernquist (2005), i.e.
ρ∗(R, z) = M∗4πz0R2S
sech2
(
z
z0
)
exp
(
− R
RS
)
, (1)
where M∗ = 9.5 × 109 M is the total mass of the disc, RS = 3.13
kpc is the scale length of the disc, and z0 = 0.1 RS is the scale
height of the disc. We choose these parameters so that they match
with the high-Q disc in Hu & Sijacki (2016). As shown in Hu &
Sijacki (2016), high-Q disc responds to external torques, but does
not form any noticeable self-gravity-induced spiral structures due
to its low surface density, thus enabling us to focus on the kinematic
properties. Also, as found in Hu & Sijacki (2016), stellar discs,
setup to be in equilibrium within a spherical halo, develop two-
armed grand-design spirals when placed in a triaxial halo directly.
To avoid this and study the effect of subhaloes, we grow the disc
in an adiabatically changing dark matter halo, explained in detail in
Section 2.3.
To account for baryonic effects (i.e. the influence of baryons on
halo shape), but exclude any unwanted perturbations due to the
discreteness noise, we setup our initial conditions in three steps as
follows:
(i) Phase-1: we restart the cosmological simulation of the Aq-
A-4 halo from z = 1.3 with adiabatically grown static, stellar disc
potential to obtain the dark matter halo profile for the final simula-
tion (Phase-3).
(ii) Phase-2: we then simulate a live stellar disc, with properties
described above, in an adiabatically changing dark matter halo po-
tential, starting from a spherical halo and finishing with the halo
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shape obtained at the end of Phase-1. This step is needed to prepare
the initial conditions of the stellar disc for the final simulation.
(iii) Phase-3: in the final step, we perform a simulation with a
static dark matter halo potential (obtained from Phase-1), live dark
matter subhaloes (directly taken from the Aq-A-4 run) and the live
stellar disc obtained at the end of Phase-2. With this setup, we can
isolate the impact of subhaloes on the stellar disc.
Further details of the three steps are explained in the following
sections.
2.2 Phase-1: simulating the response of the live dark matter
halo to the static stellar disc potential
The Aquarius simulation is a dark matter-only simulation hence the
effect of baryons on the dark matter distribution is not taken into
account. This is a reasonable approximation in the outer region of
the halo, where the baryonic matter is not dominant, but may result
in a very different inner halo profile and shape.
To include the effect of baryons, we restart the Aquarius Aq-A-4
simulation from z = 1.3, adding a stellar disc potential which is
numerically calculated from the density profile shown in equation
(1). In the simulation, we first grow the disc potential adiabatically
from z = 1.3 to 1. In the original Aq-A-4 simulation, both the
centre and the orientation of the main halo change over time. We
modify the central position and the orientation of the disc position
accordingly, so that the disc is always at the centre of the halo and
aligned with the minor axis of the halo. We then keep the disc static
from z = 1 to 0, and study the properties of dark matter distribution.
Specifically, the column density distribution of dark matter in the
Phase-1 simulation is shown in the top panels of Fig. 1 at three
different redshifts. The total mass of the halo and its subhaloes
increases from 1.35 × 1012 M at z = 1 to 2.29 × 1012 M at
z = 0, which is mirrored by the increase in the physical size of the
halo as evidenced in the panels.
We then separate the dark matter component into two groups.
We find all self-bound structures in the simulation, as identified
by the SUBFIND algorithm (Springel et al. 2001; Dolag et al. 2009),
at any snapshot between z = 1 and 0. Of these, all structures that
at any time belong to subhaloes, are marked as subhaloes and are
simulated as a ‘live’ component in the final simulation (Phase-3),
using their coordinates and velocities at z = 1. The bottom panels
of Fig. 1 show column density distribution of subhaloes only. All
other dark matter particles in the simulation are considered to be
part of a ‘smooth’ component (i.e. the difference between the top
and bottom panels) and are represented with an analytic potential
in the Phase-3 simulation (for further details see Appendix A and
Fig. A1).
The smooth component can be represented by the sum of a spher-
ical and a triaxial part. Density profile of the spherical part, ρS(r), is
constructed by spherically averaging the smooth component. We fit
it with three Einasto profiles joined together (see left-hand panel of
Fig. A1 and Appendix A). Compared to the dark matter halo profile
in the original Aquarius simulation, our profile is more contracted in
the centre due to the disc potential. Our disc model has a relatively
low mass (∼1 per cent) compared to the main halo. This is to ensure
that the effects due to self-gravity is suppressed, so that we can
focus on the impact of external perturbations. The influence of the
disc would be higher with a higher mass model. Following Bowden,
Evans & Belokurov (2013) and Hu & Sijacki (2016), the triaxial
part is represented by two spherical harmonic functions, aiming to
reproduce our desired axis ratio profile. The axis ratio profile of
the smooth component in our simulation is calculated following
a similar method to Vera-Ciro et al. (2011), where we iteratively
compute the eigenvalues and eigenvectors of the ‘reduced’ inertia
matrix of an ellipsoid of a certain radius. We find that the axis ratio
of the smooth component significantly fluctuates as a function dis-
tance from the centre and is rather triaxial in the centre (see solid
curves in the right-hand panel of Fig. A1). This occurs as we only
introduce a stellar disc to modify the dark matter halo shape and
do not consider larger scale contribution from stars or gas. This
would make the disc very elliptical and unstable. To avoid this is-
sue, we impose a much smoother halo shape variation with radius
(see dashed curves in the right-hand panel of Fig. A1), where the
outer axis ratios are comparable to those obtained from our Phase-1
simulation.
Having computed ρS(r) and the axis ratios in x –y plane, p(r),
and in x –z plane, q(r), we can calculate the density profile of the
triaxial part as follows
ρT1(r) =
(
1 − 3q(r)
α
1 + p(r)α + q(r)α
)
ρS(r) (2)
and
ρT2(r) = 12
1 − p(r)α
1 + p(r)α + qα ρS(r), (3)
where α = −dlog ρS(r)/dlog r is the slope of the spherically aver-
aged density profile. We enclose a brief explanation of these for-
mulae in AppendixB. Hence, the total density profile of the halo
is
ρ(r, θ, ϕ) = ρS(r) − ρT1(r)Y 02 (θ ) + ρT2(r)Y 22 (θ, ϕ), (4)
whose potential can be then integrated numerically using the
Green’s function, as shown in Appendix C.
2.3 Phase-2: introducing a live disc in a static, triaxial dark
matter halo potential
The stellar disc is setup initially following equation (1) and has
106 stellar particles. The total mass of the halo inside 5RS is
∼1.6 × 1011 M, while the mass of the disc inside 5RS is
∼9 × 109 M. The dynamics of the central disc is therefore domi-
nated by the dark matter halo as expected. Due to the high-Q profile
of the stellar disc, the swing amplification is weak. We therefore
do not need higher number of particles to prevent transient gravity-
induced spiral structures from forming (for further details, see Hu
& Sijacki 2016). The stellar disc is initially in equilibrium with a
spherical halo, and as shown in Hu & Sijacki (2016), it will develop
strong two-armed spirals if we put it directly into our smooth triaxial
dark matter halo model. To avoid such structures and focus on the
effect of subhaloes alone, we have to evolve the disc inside a dark
matter halo that changes adiabatically from spherical to triaxial.
We change the halo in a way similar to section3.3 in Hu & Sijacki
(2016). Namely, we start the simulation with the spherical part of
the halo only, while the triaxial part of the halo grows adiabatically
with time, where the total potential of the halo is
(r, θ, φ) = S(r) + f (t)T(r, θ, φ) . (5)
Here S is the static spherical part, T is the triaxial part, and the
growth factor f(t) changes from 0 to 1 following
f (t) = (1 − 1
6
e−t/τI (1 + 5e−t/τI ))6 , , (6)
MNRAS 478, 1576–1594 (2018)Downloaded from https://academic.oup.com/mnras/article-abstract/478/2/1576/4993761
by University of Cambridge user
on 15 June 2018
Impact of cosmological satellites on stellar discs 1579
Figure 1. Column density of the dark matter in the Phase-1 simulation in the x –y plane at z = 1, 0.5, and 0.3, from left to right, respectively. Top row: the
column density of all dark matter particles. Bottom row: the column density of subhaloes only. Total mass of the main halo and its subhaloes increases from
1.35 × 1011 to 2.29 × 1012 M from z = 1 to 0, while the number of subhaloes changes from 893 to 1083. Dashed circles indicate the virial radius at these
three epochs. The spatial coordinate is in the unit of the scale length of the disc RS = 3.13 kpc.
where we have set time-scale τ I = 1 Gyr as in our previous work.
We evolve the system for 5 Gyr and find no prominent structures in
the disc. The surface density of the final stellar disc is shown in the
top left panel of Fig. 4.
2.4 Phase-3: simulating live stellar disc in static triaxial dark
matter halo with live subhaloes
With the halo and the disc setup in Phase-1 and Phase-2, we are now
able to perform our final simulation starting from z = 1 that studies
the influence of subhaloes on the stellar discs. In this simulation,
three components are included:
(i) A static, triaxial dark matter potential. We include it rather
than live dark matter particles because it will save considerable
computational resources, and more importantly, it will not induce
numerical perturbations in the disc due to the Poisson noise (note
that due to very different spatial scales of the disc and the halo, dark
matter particle mass would need to be considerably larger than the
disc particle mass), thus making it much more robust to study the
influence of subhaloes only. Including a static dark matter potential
rather than a live dark matter halo may however create an artificial
torque, as in reality the main dark matter halo should gravitationally
respond to the impacting subhaloes as well. As discussed in detail in
Appendix D, we estimate the upper limit on this effect and find that
it is overall weaker than or at most comparable to the genuine effect
of subhaloes for m = 1 modes, and negligible for m = 2 modes.
(ii) SUBFINDLive subhaloes. The live subhalo particles are taken
directly from the Phase-1 simulation at z = 1. As mentioned earlier,
they consist of particles that are gravitationally bound to any subhalo
of our main halo at z = 1 or at any later time, based on the algorithm.
In this way, we ensure that there is a realistic number of subhaloes
during the whole period of the Phase-3 simulation. We have in total
2035 019 live dark matter particles included, each having a mass of
mDM = 3.93 × 105 M.
(iii) A live disc. The live disc is taken from the Phase-2 simulation
at 5 Gyr. As explained above, it is in equilibrium with the triaxial
dark matter potential, and no prominent spiral structures exist in the
disc.
3 R ESULTS
3.1 Properties of subhaloes that interact with the disc
The column density of dark matter at z = 1 is shown in the top
row of Fig. 2. Outside of the main halo there is a large number of
subhaloes that may fall in at a lower redshift. A zoom-in view of the
column density of all subhaloes in the Phase-3 simulation at z = 1
is shown in the middle row of Fig. 2. From all these subhaloes, we
select the ones that interact with the disc based on the following
criteria: (i) their impact radius r is less that 5 RS, and (ii) their mass
exceeds 109 M. There are more subhaloes that either hit the disc
plane further out or have a lower mass, but we filter them out as
they play a minor role in the development of spiral structures in
the disc as we have explicitly checked (see e.g. Appendix E). The
properties of impacting subhaloes based on our criteria above are
listed in Table 1. They hit the disc at various redshifts from z = 1 to
z ∼ 0.4 and have different angle of incidence and rotation direction.
Generally, as expected, subhaloes that are further away from the
centre of the halo hit the disc at a lower redshift. We indicate their
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Figure 2. Distribution of dark matter in x–y plane (left) and x–z plane (right). Plots in the top row show the column densities of all dark matter particles at
z = 1. Plots in the middle row show the column densities of all subhalo particles in the inner halo region at z = 1. Different letters indicate the initial position
of different subhaloes which interact with the disc at a later time. Plots in the bottom row show the trajectories of the subhaloes that interact with the disc (see
Table 1). In particular, subhaloes A and C are the same subhalo hitting the disc at two different redshifts, so are subhaloes B and E. The location of subhaloes
at the time of impact is marked with crosses, while location at 100 Myr before and after the impact is marked with diamonds and at 200 Myr with squares. The
column density of the stellar disc is also shown in the bottom row for comparison.
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Table 1. Subhaloes that interact with the disc in the Phase-3 simulation. Redshift of maximum mass before the impact, zmax , maximum mass before the
impact, Msub, half-mass radius at the time of maximum mass before the impact, Rhm, redshift of impact, zi, radius of impact, Ri, the angle of incidence, θ in,
and the rotation direction is listed. The half-mass radius and the impact radius is shown in units of the scale length of the disc, RS = 3.13 kpc. The angle of
incidence is defined as the angle between the trajectory and the normal direction of the disc. When θ in > 90, the subhalo hits the disc from below. For rotation
direction, ‘R’ stands for retrograde, while ‘P’ stands for prograde.
ID zmax Msub Rhm zi Ri θ in Rotation
(1010 M) /RS /RS direction
Aa 1.22 1.63 1.28 1.02 1.81 57 R
B 0.99 0.37 1.85 0.87 2.19 132 R
C 0.95 0.53 1.28 0.80 0.70 129 R
D 0.76 0.14 1.93 0.46 2.12 165 P
E 0.80 0.12 1.57 0.42 1.63 44 P
F 0.46 0.13 1.20 0.37 2.85 78 P
Gb 0.47 4.8 6.39 0.39 – – P
aAt the start of the simulation, subhalo A is very close to the disc and moving away from it. Based on its velocity, we estimate that it hits the disc at z = 1.02.
bAs shown in Fig. 2, subhalo G moves through the disc plane about 10 RS away from the disc centre, therefore it is not considered as a close impact. However,
thereafter subhalo G flies over the disc, largely parallel to it, at a distance of less than 3 RS, which has a substantial influence on the disc. We therefore include
subhalo G in this table, but omit its impact radius and the angle of incidence. The impact redshift zi is defined as the redshift when subhalo G is closest to the
centre of the main halo.
initial locations at z = 1 in the first two rows of Fig. 2 with different
letters, and we plot their trajectories once close to the disc in the
bottom row of Fig. 2, along with the column density of the disc.
The impact radius Ri is typically between 0.7 and 2.9RS. The half-
mass radius of the subhaloes at the time of maximum mass before the
impact is lower than the impact radius for all subhaloes except for
subhaloes C and G, for which Rhm and Ri are comparable. However,
note that at the time of impact, the half-mass radius decreases to
10 per cent–40 per cent of its maximum value before the impact as a
result of tidal stripping, which means that at the time of impact, the
subhaloes should be considered as objects of relatively small size.
It is therefore a reasonable estimate to consider an impacting subhalo
in our simulation as a point mass.
A closer look at each subhalo reveals that there are in fact only
five subhaloes in the seven subhalo events, as subhaloes A and C
are the same subhalo hitting the disc twice, so are subhaloes B and
E. It is also worth noting that subhalo A does not hit the disc during
the Phase-3 simulation. It goes through the disc at z = 1.02, before
the beginning of the Phase-3 simulation, and at the start of Phase-3,
it is located very close to the disc, moving away from it. Subhalo G
does not hit the disc within 5 RS, but crosses the disc plane further
away from the disc centre. However, it is very close to the disc at
z ∼ 0.4 passing over the disc at a distance of no more than 3 RS, as
shown by the black curve in the bottom row of Fig. 2.
As mentioned in Section 2.4, an analytic dark halo potential is
employed in the Phase-3 simulation instead of a live dark matter
main halo. To study its influence on the subhaloes and understand if
it is biasing our results in any way, we compared the mass loss and
trajectory of each subhalo listed in Table 1 in the Phase-3 simulation
with its counterpart in the Phase-1 simulation, where a live main
halo is present (but not a live stellar disc). We find that the mass
loss of each subhalo at the moment of impact is similar between
the two simulations, ranging from 50 per cent to 80 per cent (for
further details see Appendix F). The mass loss is mainly induced
by tidal disruption in both simulations. We also note that due to
dynamical friction, the subhaloes in the Phase-1 simulation move
slower than those in the Phase-3 simulation, which delays the time of
the impact by up to 1 Gyr, but subhaloes have comparable velocities
at impact and spend similar amounts of time in the vicinity of the
disc. Therefore, with respect to the properties of subhaloes, using
an analytic main halo potential instead of a live dark matter main
halo should not affect our results below.
3.2 Disc heating in response to subhaloes
As the subhaloes interact with the disc its properties change, as
shown in Fig. 3, especially at later times when the massive, fly-by
subhalo G interacts with the disc. The spherically averaged surface
density of the disc (top left panel) fluctuates in the outer region
due to strong spiral and ring structures caused by subhaloes. In the
innermost region, the density of the disc grows mildly at later times
as a bar gradually forms. Top middle panel shows the radial profile
of Toomre’s Q parameter which is defined as
Q = σRκ
3.36 G
, (7)
where σR is the velocity dispersion in the radial direction, κ =
2
R
d
dR (R2) is the epicyclic frequency (with  being the rotation
angular velocity of stars), G is the gravitational constant, and  is
the surface density. Toomre’s Q parameter quantifies how strong
the swing amplification is in the disc. We found in Hu & Sijacki
(2016) that the disc is stable to swing amplification of the Poisson
noise when Q > 1.3 throughout the disc, thus we ensure this is the
case for our initial setup (see blue curve at z = 1).
In our Phase-3 simulation Toomre’s Q parameter increases in the
outer region of the disc after z ∼ 0.5, which can be explained by the
significant increase of the velocity dispersion in the radial direction,
σR, shown in the bottom left panel of Fig. 3. The velocity dispersion
in the other two directions, σφ and σ z, also increases similarly (see
bottom middle and right panels). This is caused by the interaction of
the disc with subhalo G, as we will discuss in detail in Section 3.6.
We quantify the thickness of the disc, zh, by computing the
standard deviation of the z coordinate of stellar particles, i.e.
zh =
√〈
z2
〉− 〈z〉2. We find that the fly-by subhalo G leads to
strong warps in the disc, which causes the disc thickness, zh, to
increase significantly at later times, as shown in the top right panel
of Fig. 3. Further smaller mass subhaloes interact with the disc in
the wake of subhalo G which increases the disc thickness further
from z = 0.33 to 0.13.
Moetazedian & Just (2016) studied this heating effect with res-
imulations of Aquarius and Via Lactea haloes with Milky Way-like
discs. Compared to their results, we find similar ring-type density
fluctuations. The disc thickening and heating rate before z = 0.5
is moderately higher than found by Moetazedian & Just (2016),
which could be due to the fact that our stellar disc is less massive.
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Figure 3. The time evolution of disc’s surface density, , Toomre’s Q parameter, disc thickness, zh =
√〈
z2
〉− 〈z〉2, and velocity dispersion in the radial,
azimuthal, and vertical directions, σR, σφ , and σ z, respectively. The surface density of the disc fluctuates in the outer region and increases somewhat in the
innermost region at later times. The Toomre’s Q parameter increases significantly in the outer region, i.e. for R  2RS, which can be explained by the increase
of σR. Disc also thickens considerably in the outer region after z = 0.5. Aside from thickening, we find strong warps in the disc after z = 0.5.
For z < 0.5, we see much higher disc thickening and heating due to
the massive subhalo G, which, interestingly, has a similar mass to a
massive subhalo in their Aq-F2 model (both ∼5 × 1010), which also
caused a significant jump in disc thickness and velocity dispersion.
Furthermore, similarly to Moetazedian & Just (2016), all of the ex-
amined disc properties are affected by the subhaloes primarily in the
outer regions, while in the innermost disc region, i.e. for R < 2 RS,
these global disc properties change much less. This is not the case
for the modes triggered in the disc which we discuss in the section
below.
3.3 Modes in the disc triggered by subhaloes
The interaction of subhaloes with the stellar disc leads to the devel-
opment of spirals, rings, and bars. Fig. 4 shows the time evolution
of the surface density (top panels) and the residual surface density
(bottom panels) from z = 1 to 0.13. By construction, the disc is
free of spiral structures at z = 1 and it is slightly elliptical due
to the triaxial dark matter halo. Thereafter, at least three distinct
episodes of single-armed spiral structures appear in the disc: one
shortly after the beginning of the simulation, one at z ∼ 0.78, and
one at z ∼ 0.33. These single-armed spiral structures are counter-
rotating and leading (with respect to the direction of the galactic
rotation), which we study in detail in Section 3.4. Two-armed spiral
structures also develop in the disc and are clearly visible when the
single-armed spirals wind up, namely at z∼ 0.60 and ∼ 0.13. Both
single- and two-armed spiral structures extend from the centre of
the disc to the edge of the disc when fully developed. While disc
remains largely axisymmetric during most of the simulated time,
at z∼ 0.33, the interaction with the very massive subhalo G causes
warps, rings, and lopsidedness in the disc, and the formation of the
central bar. At lower redshifts, spirals wind up and weaken and the
disc then evolves towards a more axisymmetric and quasi-stable
state. Note that the strength of different modes in the disc can be
quite high, especially in the outer regions, as can be seen from the
bottom panels, and we turn to quantify this next.
The time evolution of the strength of m = 1 (left-hand panel) and
m = 2 (right-hand panel) modes is shown in Fig. 5. Here, the strength
of the modes is the relative strength of the Fourier transform of the
surface density (R, θ ) of the disc over the azimuthal coordinate θ ,
i.e.
Sm(R) =
∣∣∣∣ 12π
∫ π
−π
(R, θ )e−imθdθ
∣∣∣∣ , (8)
where m is the number of folds of the structure. For m = 0, Sm
is simply the average surface density of a ring in the stellar disc at
radius R. As expected, the evolution of m = 1 modes at RS correlates
with Fig. 4 very well, showing three distinct episodes of modes from
z = 1 to 0. The estimated lifetime for each of the three episodes
of spirals, measured by the full width at half-maximum, is ∼1 Gyr.
Therefore, to have persistent single-armed spirals in the stellar disc,
there should be every few Gyr massive enough subhaloes hitting
the stellar disc. For the outer region of the disc at 2RS and 4RS,
similar generations can also be found, but less distinctively. This
is because: (i) more (smaller) subhaloes hit the outer region of the
disc, leading to a noisier evolution history of the mode strength, and
(ii) the lifetime of each episode of modes is longer due to the much
lower winding rate, as shown later in Section 3.4. m = 2 modes
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Figure 4. The evolution of the surface density  (top panels) and the normalized residual surface density ( − 0)/0 (bottom panels) at different redshifts,
where 0 is the surface density at z = 1. Single-armed spiral structures develop very quickly in the disc centre and they are counter-rotating and leading (i.e.
the outer tip points towards the direction of the galactic rotation). These initial spiral structures wind up over time as the second episode of spirals forms in the
disc at z = 0.78. Newly formed single-armed spiral structures wind up as well and become weaker at z = 0.60, when the two-armed spiral structures start to
become apparent in the disc centre. The disc stays quiet for a while until z = 0.33, when a strong perturbation by subhalo G disturbs the disc in the outer region.
This significantly warps the disc and generates the central bar. For z< 0.2, spirals wind up and weaken. The disc recovers to a quasi-stable state overtime and
at z = 0.13, two-armed spiral structures are visible again in the central region of the disc.
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Figure 5. Strength of the modes in the disc as a function of time evaluated at 1, 2, and 4RS for m= 1 modes (left-hand panel) and m= 2 modes (right-hand
panel). Here, the relative strength Sm/S0 is shown, where Sm is defined in equation (8). S0, the strength of m = 0 modes, is the spherically averaged surface
density at radius R by definition. For the m = 1 case, multiple generations of modes are triggered over time, first one at z ∼ 1, second one at z ∼ 0.78, and
third one at z ∼ 0.33. Distinct generations of modes can be better identified in the inner than the outer region, as the winding time for the inner region is much
shorter such that the different generations of modes do not interact significantly. The third generation of modes is also prominent in the m = 2 case.
generally have lower strength and are less distinctive, due to their
even slower winding rate. Nevertheless, strong m = 2 modes are
generated at z ∼ 0.35, corresponding to the third episodes of m = 1
modes. We will explore the connection between different modes
generated in the disc and individual subhaloes in Section 3.5.
3.4 Nature of the spiral structures
We now turn to study the nature of the spiral structures by looking at
their power spectra. As explained in detail in Hu & Sijacki (2016),
the power spectra of the stellar disc are the Fourier transforms of the
disc’s surface density over time and the azimuthal coordinate. The
power spectra of the density field are typically plotted in the pattern
speed–radius plane for each mode. If the power contour follows
the Lindblad resonance, the spiral structures are kinematic density
waves (Lindblad 1963), while if the power spectra show patterns
of horizontal bars between the inner and outer Lindblad resonance,
the spiral structures are related to self-gravity (Sellwood & Carlberg
2014).
The power spectra of our stellar disc in the Phase-3 simulation
are shown in Fig. 6. Here, we plot the power spectra for m = 1 (left-
hand panels) and m = 2 (right-hand panels) modes for the redshift
ranges of 0.5 < z < 1 and 0 < z < 0.5. The first redshift range
corresponds to the first two episodes of spirals, while the second
redshift range corresponds to the third episode of spirals.
We plot the power for m = 1 modes in negative pattern speed
because the single-armed spirals are found to be counter-rotating
(i.e. to have negative pattern speed). In fact, the inner Lindblad
resonance r − κ/m is also negative for m= 1 modes. As shown in
the left-hand panels in Fig. 6, at all radii the highest power follows
closely the inner Lindblad resonance, indicating that the modes in
the disc are indeed kinematic density waves. We should always
expect grand-design single-armed spiral structures of this kind to
be counter-rotating as long as κ > r.
For m = 2 modes, the power spectra are weaker than in the case
of m = 1 modes, in agreement with Fig. 5. The highest power of
m = 2 modes also follows the inner Lindblad resonance closely.
There are other weaker powers away from the inner Lindblad res-
onance, which should be relevant to other weaker resonances. The
winding rate of spiral structures depends on the slope of the Lind-
blad resonance curve, which is much steeper for m = 1 modes than
the generally flat inner Lindblad curve for m = 2. This explains
why the lifetime of the single-armed spiral structures, typically less
than 2 Gyr, is lower than the lifetime of two-armed spiral structures
studied in Hu & Sijacki (2016).
The winding rate difference also explains the inside-out fashion
of spiral formation. As shown in Figs 4 and 5, most spiral structures
in our simulation form first in the inner region and then ‘grow’ to-
wards the outer regions. To illustrate this, we calculate the slope of
the pattern speed for m = 1, at 1RS, dP/dR = 0.0283Myr−1R−1S ,
while at 2RS, the slope is dP/dR = 0.0092Myr−1R−1S . The chang-
ing rate of the tangent of the pitch angle α is
d tan α
dt
= R dP
dR
. (9)
Therefore, the tangent of the pitch angle changes about 53 per cent
faster at 1RS than that at 2RS. For comparison, it takes ∼0.7Gyr
for spiral structures at 1 RS to develop with tripled-mass subhalo
B (mentioned later in Section 3.5 and Fig. 8), while at 2 RS, it
takes ∼1.2Gyr, about 71 per cent longer. This explains why spiral
structures in the inner region develop faster and fade out faster.
In combination with Fig. 4 which demonstrates that two-armed
spiral structures become prominent almost always after the winding
of single-armed spirals, we conclude that subhaloes trigger both
m = 1 and 2 modes in the disc simultaneously, but with m = 1
modes initially stronger than m = 2 modes. In the inner disc, the
winding rate of the m = 1 modes is much faster than that of the
m = 2 modes, leading to a much quicker decrease of the strength of
the m = 1 modes. m = 2 modes, winding up much slower, become
prominent after m = 1 modes wind up.
We also search for the self-gravitating spiral modes for higher
m values. The typical strength of these modes is more than one
magnitude lower than that of the kinematic modes. This is expected
as the disc has high Toomre’s Q parameter.
3.5 The impact of each halo
We now aim to establish a direct link between different modes
generated in the disc and the individual subhaloes that interact
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Figure 6. Power spectra of the m= 1 (left-hand panel) and m= 2 (right-hand panel) modes for the time intervals from z = 1 to 0.5 (top panels) and from
z = 0.5 to 0 (bottom panels). For m = 1 modes, the power of rotating patterns is shown in the −m–R plane, where −m is negative pattern speed multiplied
by the number of modes m and R is the radius from disc centre. For m = 2 modes, the power is shown in the m–R plane. The corotation curve r is plotted
with a solid curve, while the Lindblad resonances  = r ± κ/m are plotted with dashed curves, where r is the rotating speed of stars and κ is the epicyclic
frequency. It can be seen that power spectra follow closely the inner Lindblad resonance both for m = 1 and 2 modes, indicating the kinematic density wave
nature of the modes. The power of patterns between z= 0.5 and 0 is stronger than that between z = 1 and 0.5, which agrees with Figs4 and 5.
with the disc. We start by studying the first generation of modes
(i.e. 0.85 < z < 1). These modes develop immediately after the
simulation starts, which is the time when subhalo A is very close to
the disc centre. As mentioned in Section 3.1, subhalo A is moving
away from the disc at the start of the simulation. To study the relation
between subhalo A and the first generation of modes, we restart the
Phase-3 simulation with the subhalo A removed.
To modify the mass of subhalo A and other subhaloes, we adopt
the following procedure. We first find the most bound particle of
the subhalo at the time of impact. The tidal stripping does not
influence the inner core of the subhalo significantly, so this most
bound particle always belongs to the same subhalo as we have
explicitly verified. We trace this particle and hence the subhalo
backwards in time to find the redshift where the subhalo has the
maximum mass before the impact. This usually is the time when
the subhalo is furthest away from the main halo. We find all particles
belonging to the subhalo at this redshift, and change their mass in the
initial conditions. We then restart the simulation to see the impact
of changed mass.
As highlighted by the light blue region in Fig. 7, when the subhalo
A is removed, m = 1 modes before z = 0.85 at 1 RS seen in the
original simulation essentially no longer develop. For R = 2 RS
and 4RS, we see similar decrease in mode strength, but compared
to R = 1 RS, the influence of removing subhalo A persists longer
because the winding rate of m = 1 modes at 1 RS is much higher
than that of the outer region.
The second generation of modes at 1 RS develops between
z ∼ 0.87 and ∼ 0.6, which coincides with the time of impact of
subhaloes B and C. Recall that subhalo C is the same subhalo as A,
whose influence on the second generation of modes can be studied
with Fig. 7. By removing subhalo A/C, the strength of the second
generation of modes at 1 RS reduces only slightly for 0.6 < z < 0.75.
To study the influence of subhalo B, we first restart the original sim-
ulation with subhalo B removed. The result is shown with the dashed
curves in Fig. 8. As highlighted by the light blue region in the left-
hand panel, the strength of the second generation of m = 1 modes
at 1 RS decreases greatly when subhalo B is removed, while a mild
decrease can be found at 2 RS. For m = 2 modes, even though the
original spiral strength is low, we can still find a mild decrease in
the spiral strength once subhalo B is removed. Thus, the subhalo
B is the main cause of the second generation of modes with the
subhalo A/C contributing at a lower level.
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Figure 7. Comparison of the strength of the modes in the original simulation
(continuous curves) and a simulation where subhalo A is removed (dashed
curves). As highlighted with a light blue shade, when the subhalo A is
removed, no prominent modes form between z = 1 and 0.85 at 1RS. This is
also true at 2 and 4 RS, indicating that the first generation of modes is caused
by the impact of subhalo A.
Subhalo B starts from more than 40 RS away from the disc centre
and is mainly responsible for the second generation of modes, offer-
ing us a good test for studying the influence of subhalo properties,
especially the subhalo mass, on the modes triggered in the disc. We
hence find all dark matter particles that belong to subhalo B in the
initial conditions, modify their mass, and restart the simulation. We
run several simulations with different mass of subhalo B, including
1.5, 2, and 3 times the original subhalo B mass. Note that to increase
the mass of subhaloes we increase the mass of each particle in the
simulation, which increases the gravitational force within the sub-
halo, resulting in an immediate shrinkage in the size of the subhalo.
We argue that the shrinkage is acceptable because (i) the maximum
shrinkage in spatial scale is about 30 per cent. At the time of impact,
the half-mass radius is already small (typically less than ∼0.3RS).
The impact of the size change is therefore small; and (ii) we are
more interested in the response of the disc to subhaloes of different
mass, where the spatial scale of a subhalo plays a minor role.
The strength of modes when the mass of subhalo B is tripled
is shown as dot–dashed curves in Fig. 8 (other simulations with a
lower subhalo B mass give consistent results which lie in between
the original subhalo B mass and the tripled mass). We see a clear
increase in mode strength for both m = 1 and 2 modes at 1RS
(highlighted with the dark blue shade) and 2 RS (highlighted with
the green shade). We note that for m = 2 modes, unlike in the original
simulation, strong two-armed spiral structures now develop. This
confirms that although the two-armed spiral structures are very weak
in the original simulation, they are indeed triggered by the impact
of the subhalo B. At 4 RS, the strength of modes also increases with
the higher mass of subhalo B, and the influence remains for several
Gyr.
It is also worth noting that although both m = 1 and 2 modes
at different radii start to develop at almost the same time, mode
strength at 1RS always reaches its peak before that at 2 RS. This is
caused by their different winding rate. When the mass of subhalo B
is tripled, the second generation of m = 1 modes reaches its peak
strength ∼0.2 Gyr earlier than in the original simulation at 1 RS. We
verify that when the mass
is tripled, the trajectory of subhalo B does not change significantly.
Instead, subhalo B interact with the disc earlier because its grav-
itational force field is stronger and can exert a torque on the disc
earlier.
The increase in the strength of both m = 1 and 2 modes is also
illustrated in Fig. 9, where a comparison of the surface density of the
original simulation and of the simulation with three times subhalo
B mass is shown. Similar to the original simulation, single-armed
spiral structures are visible first in the simulation with the tripled
mass, while two-armed spiral structures can be seen after the single-
armed spiral structures wind up. At z = 0.84, the single-armed spiral
structures with tripled subhalo B mass are much more prominent
than that in the original simulation, extending from the centre of
the disc to ∼2 RS. The single-armed spiral structures propagate
outwards from z = 0.84 to 0.78. m = 1 modes soon wind up, and
at z = 0.60, very prominent two-armed spiral structures are in the
centre of the disc. In the outer region, lopsided rings also form. This
effect is similar to ring galaxies. As shown by Lynds & Toomre
(1976), vertical impact of a massive point mass perturber can lead
to such features. In fact, it has been shown with N-body simulations
that energy kicks from minor mergers of satellites give rise to radial
oscillation of various frequencies in the disc, leading to ringing in
the disc and detectable phase warping in the velocity space (Quillen
et al. 2009; Minchev et al. 2009; Go´mez et al. 2012).
We also check that subhaloes A/C and B are indeed the main
cause of all modes studied so far by removing both subhaloes A
and B. As shown in Fig. E1, almost all modes are removed up to
z = 0.7. Though there are less-massive subhaloes that hit the disc
during this period, the evolution of the disc is dominated by these
massive subhaloes only. We have similarly removed subhaloes D,
E, and F, but no prominent change in spirals is found. We conclude
the mass of these subhaloes is too small to have an appreciable
effect. This is confirmed by an additional simulation (see Section
3.6), where we increase the mass of subhalo D by a factor of 10 and
find that it causes spiral structures in the disc. It is worth noting that
these less-massive subhaloes have a small impact on spirals in our
simulations, although their mass is larger than 109 M, the mass
limit found by Pettitt et al. (2016). This may be due to the fact that
Pettitt et al. (2016) setup simulations with only one subhalo at a
time, while our simulations are much more dynamic with multiple
subhaloes interacting at a time which can mask weak spirals.
3.6 Influence of the fly-by subhalo
As shown in Table 1 and in the bottom panels of Fig. 2, subhalo G
passes very close over the disc plane at z∼ 0.39 and as we have
anticipated in previous sections, it perturbs the disc significantly.
We restart the original simulation with subhalo G removed to
isolate its impact on the disc more clearly. As shown with dashed
curves in Fig. 10, the strength of the third generation of m = 1
modes at 2 RS decreases by more than 50 per cent. However,
unlike direct impacting subhaloes we studied so far, no prominent
difference can be seen for m = 1 modes at 1 RS at 4 RS. For m = 2
modes, strength at all radii decreases after removing subhalo
G. When subhalo G is closest to the disc centre, its projection
on the x –y plane of the disc is ∼1.16 RS away from the disc
centre. As will be discussed later, the low strength of spirals
in the inner region is related to the resonance effect. For 4 RS,
the m = 1 mode is not very effected because there are many
more smaller subhaloes that interact with the outer region of the disc.
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Figure 8. Comparison of the strength of the modes in the original simulation and simulations where either subhalo B (which hits the disc at z = 0.87) is
removed or its mass is tripled. When subhalo B is removed, the second generation of m = 1 modes does not form at 1 RS, as highlighted by the light blue region,
indicating that subhalo B is the main cause of these modes. When the mass of subhalo B is tripled, the strength of both m = 1 and 2 modes is increased, as
highlighted by the dark blue region for 1RS and by the green region for 2 RS. Note that in the simulation with the tripled mass m = 2 modes become dominant
in central region for z < 0.75 (see also Fig. 9).
Figure 9. Surface density of the stellar disc in the original simulation (top panels) and the simulation where the mass of subhalo B is tripled (bottom panels).
More massive subhalo B leads to very strong modes immediately after it hits the disc. Additionally to the spirals, strong ring structures also develop at z = 0.78
in both simulations. When the single-armed spirals wind up at z = 0.60, two-armed spiral structures become prominent in the disc centre, as highlighted by the
white circles in the right-hand panels. The two-armed spiral structures are more prominent when the mass of subhalo B is increased, in line with Fig. 8.
We notice that some m = 1 and 2 modes are still present in the disc
when subhalo G is removed. We find that apart from the influence of
the subhalo G, the third generation of modes also consist of: (i) the
remains of previously generated modes, (ii) structures generated by
some smaller subhaloes hitting the disc, and (iii) modes triggered by
‘neighbours’ of subhalo G that also fly over the disc at a similar time.
To understand the interplay of these different effects, we remove
all smaller subhaloes that hit the disc between z = 0.3 and 0.5.
This removes the m = 1 modes at 1RS. As a second experiment,
we remove subhalo G and its ‘neighbours’, i.e. subhaloes whose
initial positions and trajectories are very similar to subhalo G’s.
The strength of the modes at 2 RS for m = 1 and 2 and 4 RS for
m = 2 decreases further, as shown in the light green and red shaded
regions in Fig. 10. We therefore conclude that although subhalo
G makes a crucial contribution to the third generation of modes,
several other subhaloes also play a role.
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Figure 10. The strength of modes in the simulation where the fly-by subhalo G is removed. We either just remove subhalo G (dashed lines) or the surrounding
subhaloes as well (dash dotted lines) which have similar starting positions and subsequent trajectories. The modes at 2 RS are greatly reduced, as highlighted
by the dark green region. When we remove the neighbouring subhaloes as well, the strength of the modes at 2 and 4RS is reduced to a greater extend, as
highlighted by the light green (m = 1 and 2) and the red (m = 2) shaded regions. The strength of modes at 1 RS is not effected significantly by the removal of
subhalo G, but is caused by smaller mass subhaloes that interact with the disc.
3.7 Tidally-driven spiral structures
For all events, including direct subhalo impacts and the fly-by sub-
halo interaction, single-armed spiral structures form and dissolve
before two-armed spiral structures are apparent. As explained in
Section 3.4, the longevity of two-armed spirals depends on their
flat inner Lindblad resonance curve. Further to this, we find that the
interaction of each subhalo with the disc is more of an impulsive
nature rather than determined by resonances.
Previous simulation works with a single perturber, e.g. Toomre &
Toomre (1972) and Howard et al. (1993) have found that prograde
perturbers lead to m = 2 spiral structures as the m = 2 inner Lindblad
resonance has a prograde speed (also see Sellwood (2012) and
Fouvry et al. (2015) for the effect of resonance scattering during
secular evolution of discs.) If subhaloes interact with the disc for a
long time, resonances with the same pattern speed as the subhalo’s
rotation angular velocity will have the strongest response. At a first
glance, this could be the case if we only consider subhaloes A and B.
As shown in Table 1, subhaloes A and B are both retrograde. If they
interact with the disc through resonances, modes with a negative
pattern speed, i.e. m = 1 modes, will be strongest, which agrees with
our findings above (see also Athanassoula 1978; Thomasson et al.
1989). However, we find that the typical rotational velocity of the
subhaloes in our simulation is much higher than the typical pattern
speed of m = 1 and 2 modes in the stellar disc. As a result, the
interaction between subhaloes and the disc is rather impulsive, as
we show next with a simulation with a massive prograde subhalo. In
this simulation, we restart the Phase-3 simulation with the mass of
subhalo D increased by a factor of 10, where subhalo D is prograde.
If the subhalo would interact with the disc through resonances,
m = 2 modes should be the strongest (because they have a positive
pattern speed). However, we find that single-armed spiral structures
still develop first and have a higher amplitude than the m = 2 modes.
This indicates that the explanation of resonances does not hold in
our simulations.
Instead of resonances, we find that the strength of the spiral
structures is more related to the strength of the torque exerted by the
subhalo. The torque strength on the stellar disc at radius R exerted
by a subhalo is calculated in the following way. For each point on
the trajectory of the subhalo, we calculate the gravitational force
field F(r, t) of the subhalo, where r is the coordinate on the disc
and t is time. For simplicity, we model the subhalo as a point mass.
As mentioned in Section3.1, the half-mass radius of subhaloes at
impact is smaller than the impact radius, so the point mass model
should be sufficient for the estimation of torque strength. We then
calculate the torque field in normal direction of the disc Tz(r, t) as
Tz(r, t) = [r × F(r, t)]z . (10)
To quantify the total torque exerted by a given subhalo over its whole
trajectory, we integrate the z-component of the torque, Tz(r, t), of
the subhalo over time to get
L(r) =
∫ tf
t0
Tz(r, t) dt , (11)
where t0 and tf is the starting and the ending time of the impact.
As the torque quickly decreases towards 0 when the subhalo is far
away, the integral of the torque is not very sensitive to the choice of
t0 and tf as long as the subhalo is sufficiently far away from the disc
at both times. At a given radius R, the integrated torque strength L is
a function of the azimuthal angle. We then calculate the m = 1 and 2
components of the torques, L1 and L2, with a Fourier transformation
of L over the azimuthal coordinate. The spiral strength caused by
each subhalo is calculated by subtracting the corresponding peak
spiral strength from the spiral strength in the matching simulation
where the subhalo is removed.
We show the spiral strength as a function of the time-integrated,
normalized torque strength for several subhaloes, including the orig-
inal subhalo B, subhalo B with double and triple masses, subhalo
D with 10 times its original mass and the fly-by subhalo G, in
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Figure 11. The relation between the relative spiral strength Sm and the
corresponding integrated torque strength Lm for m = 1 and 2 modes, where
L0 = G(1010M)(Gyr)(kpc)−1 is a unit constant. Here, we normalize the
integrated torque strength Lm by the square of radius, R2, to account for the
fact that the angular acceleration of particles at different radii is proportional
to R−2. Different m modes and different radii (1 and 2RS) are shown with
different colours, while different symbols stand for different subhaloes, as
listed in the legend. There is a good proportional relation between the spiral
strength and the time-integrated torque strength across different radii and
different m modes, with only a few outliers (see the main text for more
details).
Fig. 11.1 For both m = 1 and 2 modes at 1 and 2RS, the spiral
strength is generally proportional to the torque strength. The only
exceptions are: (i) subhalo B with tripled mass (square symbol) at
1RS for m = 1 modes, whose spiral strength is below the expected
value due to a saturation effect, that is, when the strength of the
torque is too high, the strength of the spiral no longer grows with
the torque strength linearly due to the constraints from the disc, and
(ii) the fly-by subhalo G (diamond symbol) at 1RS for m= 1 and 2
modes, where the spiral strength is lower than the value expected
for its torque strength. This can be understood by considering the
resonance explanation, as we detail below.
The underlying reason for the strong relation between the spiral
strength and the torque strength is that the time window when the
subhalo exerts a strong torque on the disc is very short. Specifically,
the time span for a subhalo to generate torque on the disc of more
than 2 per cent of the peak value is less than 200 Myr, except for the
fly-by subhalo G, whose time span is about 400 Myr. The typical
orbiting period of patterns in the stellar disc ranges from 200 Myr
(for m = 1 modes at 1 RS) to 1200 Myr (for m = 2 modes at 4 RS).
This means that for most of the cases patterns evolve for no more
than one orbit during the subhalo impact.
Therefore, modes are generated and evolve in the following way:
subhaloes impact the disc impulsively, triggering different m modes.
Of these, m = 1 and 2 modes are the strongest because the torque
has strong m = 1 and 2 components. Between these two kinds of
modes, m = 1 modes are dominant in the disc first partly because
they have the shortest winding time, while m = 2 modes follow
and persist longer because of their flat pattern speed curve. Another
cause for stronger m = 1 modes lies in the fact that m = 1 torques
1Note that we have not included subhalo A in this analysis, as it has hit
the disc before the start of the simulation, thus making it more difficult to
calculate the total torque.
are generally stronger. In fact, we have calculated the strength of
m = 1 and 2 components of the torque on a ring in the stellar disc
at a fixed radius when the subhalo is placed at different positions
with respect to the ring. For most regions, the m = 1 component is
higher in strength. The m = 2 strength is higher only in a very small
region close to the ring.
For the fly-by subhalo, the impacting time is about two times
longer than that of the other subhaloes, comparable to or longer
than the period of patterns at 1 RS. In this particular case, resonance
effects become important, leading to a spiral strength that is lower
than the expected value.
4 C O N C L U S I O N
In this paper, we studied the impact of subhaloes on the stellar disc
with a series of N-body simulations based on the Aquarius simu-
lations (Springel et al. 2008). To clearly pin down the stellar disc
response to subhaloes with realistic properties extracted from the
cosmological simulations, we first performed cosmological dark
matter-only simulation where we have adiabatically introduced an-
alytic stellar disc potential. We have then parametrized the main
dark matter halo (both in terms of its density profile and shape and
subject to the presence of the stellar disc) with an analytic potential,
fixed as a function of time, while we have represented the stellar
disc and all subhaloes found in the original Aquarius simulation
with ‘live’ particles. We found four massive subhaloes (subhaloes
A–F) that pass through the disc, two of which (subhaloes A and B)
hit the disc twice (labelled as subhaloes C and E). We also found
a massive subhalo that does not impact the disc in the innermost
regions but flies over it with a very small impact parameter (subhalo
G).
In general, these subhaloes cause disc heating, rings, warps, disc
lopsidedness, a central bar, as well as strong single- and two-armed
spiral structures. There is a significant disc heating and warping
during the simulation but only at lower redshifts when the massive
fly-by subhalo G passes close to the disc. This agrees well with other
previous studies (e.g. Velazquez & White 1999; Kazantzidis et al.
2009; Moetazedian & Just 2016). Increase of the velocity dispersion
leads to an increase in Toomre’s Q parameter, which helps stabilize
the disc from self-gravity-induced spiral structures.
Further to disc heating and warping, strong single- and two-armed
spiral structures develop in the disc. Generally, single-armed spiral
structures are apparent first but wind up quickly, and two-armed
spiral structures become prominent after single-armed spiral struc-
tures wind up. The winding rate of the spiral structures can be well
understood by studying the slope of inner Lindblad resonances, as
both single- and two-armed spirals turn out to be kinematic density
waves whose pattern speed follows inner Lindblad resonances. The
curve of  − κ/m is steeper for m = 1 then for m = 2 at all radii,
which leads to a faster winding rate of m = 1 modes. Nevertheless,
the winding rate for the outer region of the disc is significantly lower
(both for m = 1 and 2 modes), such that spiral structures can persist
for several Gyr.
In the inner region of the stellar disc, three distinctive generations
can be found for the fast-winding single-armed spiral structures,
which we attribute to subhaloes A, B, and G, respectively. We
demonstrated such correlation by showing that spiral structures
are not present when we remove the corresponding subhaloes, and
that the peak strength of spiral structures in most cases correlates
very well with the torque exerted by the subhalo. This shows that
the majority of interactions between the subhaloes and the disc
in our simulations are impulsive with resonances playing a minor
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role. The fact that strong spiral structures form in response to each
massive subhalo, i.e. with a mass comparable to that of the disc,
may provide a way to probe the properties of subhaloes interacting
with the central galaxy. However, we caution that a further study
taking into account the effect of main dark matter halo which is live
(rather than static as assumed here) and considering stellar discs
with different masses will be needed to shed light on the relation
between subhaloes and spiral structures.
It is worth reiterating that we have not simulated the main dark
matter halo with live particles to avoid generations of spurious
modes in the disc due to the coarse graininess of the halo (i.e. due to
the Poisson noise) which is inevitable in present state-of-the-art sim-
ulations. In reality, however, subhaloes will suffer from a stronger
dynamical friction caused by the main dark matter halo, which may
influence the evolution of the subhaloes. We have verified that this
does not effect our results in any significant way, as the mass loss
of subhaloes is similar regardless of the presence of the live halo as
is the time spent in the vicinity of the disc during which subhaloes
exert most torque and resonances.
A live dark matter halo may also have an impact on the torque
strength and on the waves in the stellar disc. As subhaloes approach
the innermost regions, the centre of the dark matter halo and the stel-
lar disc moves slightly in accord with the movement of subhaloes.
This may result in a smaller m = 1 torque (for further details, see
Appendix D). Additionally, in a live dark matter main halo, sub-
haloes may lead to distortions in the inner halo, which in turn act
upon subhaloes and the disc, and damp bending waves in the disc
(Sellwood, Nelson & Tremaine 1998; Nelson & Tremaine 1995).
As far as the warp structures are concerned, distortions of the inner
dark matter main halo due to a passing subhalo can amplify the
torques exerted on the disc (Weinberg 1998; Vesperini & Weinberg
2000; Go´mez et al. 2016). We expect such effects also exist for
spiral structures, which may even lead to stronger responses when a
live dark matter main halo is present. In this work, we focus only on
the impact of torques generated by the subhaloes. A study including
the response of the dark matter main halo will require very high-
resolution simulations (similar to the resolution of level-1 Aquarius
simulation), which is beyond the scope of this paper.
Our results demonstrate a clear link between the modes in the
disc and the individual passages of massive satellites with realistic
masses and orbits extracted from cosmological simulations. Over 7
Gyr of cosmic time only 2–3 encounters are needed to continuously
re-generate and sustain grand-design spiral arms in the disc. Our
stellar disc has been intentionally setup to have a high Toomre’s Q
profile throughout, making it possible to isolate the effects of sub-
haloes only. With a disc more dominated by self-gravity, we expect
that grand-design spiral arms triggered by satellites will themselves
be a source of flocculent arms thanks to swing amplification. Hence,
stellar disc interaction with satellites, within the standard hierarchi-
cal structure formation scenario, appears as a very promising and
natural way of generating a variety of spiral structures in the discs
as well as bars, warps, tilted rings, and lopsidedness.
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A P P E N D I X A : FI T T I N G FU N C T I O N FO R T H E
H A L O
In this appendix, we describe our fitting function to the density
distribution of the smooth part of dark matter halo in the Phase-3
simulation. For the radial density distribution, we split the profile
into two regions: the main halo profile ρI(r) and the outer region
profile ρO(r). We fit the main halo region with two Einasto profiles,
namely
ρI(r) =
⎧⎨
⎩
ρ1 exp
[
− 2
α1
((r/R1)α1 − 1)
]
if r < R1,
ρ1 exp
[
− 2
α2
((r/R1)α2 − 1)
]
otherwise
(A1)
where R1 = 10 kpc is the scale radius, ρ1 = 9 × 106 M kpc−3 is
the scale density, α1= 0.2, and α2 = 0.07 are two shape parameters.
The outer region is fitted with a single Einasto profile,
ρO = ρ2 exp
[
− 2
α3
((r/R2)α3 − 1)
]
, (A2)
where R2 = 1.3 Mpc is the scale radius, ρ2 = 1.598 × 102 M
kpc−3 is the scale density, and α3 = 3 is the shape parameter. The
spherical density distribution of the whole halo is then
ρS(r) = ρI(r) + ρO(r). (A3)
The resulting spherically averaged halo profile, compared with
the simulated dark matter halo profile is shown in the left-hand
panel of Fig. A1.
We do not setup the axis ratio profiles of our triaxial dark matter
halo model by fitting the triaxial profile of the simulated dark matter
halo directly, since we expect a much rounder inner halo profile due
to missing baryonic effects. Instead, we model the axis ratios p = b/a
and q = c/a with the following equation
p(r) = 0.35 + 0.6
1 + exp [log(r/rc)/ log(rs)] , (A4)
and
q(r) = 0.25 + 0.6
1 + exp [log(r/rc)/ log(rs)] , (A5)
where rc = 5.01 × 102 kpc and rs = 3.16 kpc are the two shape
parameters. The triaxial profile is implemented in the simulation
as two spherical harmonic density components as described in Ap-
pendix B.
APPENDI X B: ESTI MATI NG TRI AXI AL
DENSITY PROFILE
We need to relate the triaxial profile of the halo with the density
profiles representing two triaxial parts ρT1(r) and ρT2(r) before we
can use it in the simulation. The density distribution on the three
axes is related to ρT1 and ρT2 through
ρx(r) = ρS(r) + 12ρT1(r) + 3ρT2(r), (B1)
ρy(r) = ρS(r) + 12ρT1(r) − 3ρT2(r), (B2)
ρz(r) = ρS(r) − ρT1(r). (B3)
We have to find ρT1(r) and ρT2(r), so that the triaxial profile is
satisfied, i.e.
ρx(r) = ρy(rp(r)) = ρz(rq(r)). (B4)
This equation is hard to solve analytically. We therefore approxi-
mate it by assuming that locally the density profile follows a power
law of index d log(ρ)d log(r) . We can rewrite equation (B4) as
ρx(r) = ρy(r)
p(r)α =
ρz(r)
q(r)α , (B5)
where α = − d log(ρ)d log(r) is the negative power-law index. Solving this
equation yields equations (2) and (3). We implement this approx-
imation and calculated the resulting triaxial profile, as shown in
the right-hand panel of Fig. A1. The profile is rounder in the inner
region and gradually decreases to the simulated profile at the outer
region, as expected.
APPENDI X C : CALCULATI NG H ALO
POTENTIAL FRO M ITS DENSITY PROFILE
The density distribution of our smooth halo follows equation (4).
It is trivial to calculate the potential for the spherical component
ρS(r). To calculate potential of the triaxial part, we start from the
Poisson’s equation
∇2T(r, θ, φ) = 4πGρT(r, θ, φ) . (C1)
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Figure A1. Fit to the smooth part of the halo in a simulation with the Aq-A halo and a static disc potential. The smooth part includes all particles except for
those that become part of subhaloes from z = 1 to 0. In both plots, the solid curves represents the data, while the dashed curves represent our analytical model.
Left: the ρr2 profile, where ρ is the spherically averaged density. The valley in the density profile at R = 400 kpc marks the outer boundary of the main halo.
Right: the halo shape, i.e. the ratios of the three axes: p = b/a and q = c/a, where a, b, and c are the length of three axes with a > b > c. We model the dark
matter halo with triaxial models whose central region is more spherical than the data to account for the missing baryonic effect. The vertical dotted lines in
both plots indicate 2.8  = 0.96 kpc, where  is the softening length of dark matter particle. The vertical dashed lines represent the virial radius of the halo.
Assuming
T(r, θ, φ) =
∑
m
∑
l
lT,m(r)Y lm(θ, φ) , (C2)
and taking the density form as
ρT(r, θ, φ) = ρT(r)Y l02 (θ, φ) , (C3)
where l0 can be 0 and 2 for the two spherical harmonic functions
used in our model. We can easily find that lT,m(r) is non-zero if
and only if m = 2 and l = l0. For simplicity, we let T(r) = l0T,2(r).
We find
1
r2
∂
∂r
(
r2
∂
∂r
T(r)
)
− 6
r2
T(r) = 4πGρT(r) . (C4)
The second term on left-hand side is contributed by ∇2Y l2(θ, φ).
Green’s function for a delta density function at r0, i.e.
ρT(r) = δ(r − r0), is
G(r, r0) = −15
r2<
r3>
, (C5)
where r< and r> is the smaller and larger value in r and r0, respec-
tively. The solution to the equation is hence
T(r) = 4πG
∫ ∞
0
G(r, r0)ρT(r0)r20 dr0 . (C6)
where we convolve the density profile ρT(r0) over the radius r0 from
0 to ∞ with Green’s function G(r, r0). The potential and the force of
the halo can then be calculated accurately with a one-dimensional
integration in the simulation.
A P P E N D I X D : TH E A RT I F I C I A L TO R QU E
C AUSED BY THE FIXED DARK MATTER MAI N
H A L O
As a subhalo approaches the innermost region of the system, the
centre of both the stellar disc and the dark matter main halo may
noticeably move in response to the gravitational force from the
subhalo. In our simulation, however, the main dark matter halo is
included as a fixed potential, and only the stellar disc responds to
the approaching subhalo. This leads to a displacement between the
main halo and the disc and hence an artificial torque from the main
dark matter halo.
In this appendix, we estimate the upper limit on such a torque.
We first calculate the displacement of the disc from its original
location. We find that for most of the time, the disc moves no
further than 0.3kpc (∼0.1RS) from its original location, with the
only exception of a displacement of 0.82kpc (∼0.26RS), when the
subhalo G flies over the disc. Note that in reality only the inner
region of the dark matter main halo should move in a similar way
to that of the disc centre. Therefore, in our simulation, the artificial
torque results mostly from the fixed inner region of the main halo.
Nevertheless, for a rough estimate of the upper bound on such an
effect, we consider the main halo as a whole and calculate the torque
due to its displacement with respect to the disc using equation (10).
The comparison of this torque, which is highest in the case of
the passage of subhalo G, and that caused by subhalo G itself is
shown in Fig. D1. We also show the results for subhalo B with three
times its original mass for comparison. Due to the triaxiality of the
main halo, there is a non-zero m = 2 torque even when the disc is
not displaced. For a better comparison, we plot the difference from
that non-zero initial torque instead of the absolute value for m = 2
torques.
For m = 2 modes, the torque from the main halo is generally
much smaller compared to that from subhaloes 3 ×B and G, except
at 1RS where torques from both are weak. Therefore, our results
on m = 2 spiral structures should be in general unaffected by the
artificial torque from the fixed halo. For m = 1 modes at 4RS, the
contribution from the displaced halo is weak as well, but it grows
in significance moving inwards, and at 1RS, it is comparable to the
torque caused by subhaloes 3 ×B and G. Note however as mentioned
before, the torque calculated here is likely the upper bound both in
terms of the peak value and the non-zero torque width.
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Figure D1. Comparison of torques generated by the displaced main halo and subhaloes 3 ×B and G. The torques at 1, 2, and 4RS of m = 1 (top panels) and
m= 2 (bottom panels) are shown. The torque generated by the main halo is shown with solid curves, while the torque from subhaloes is shown with dashed
curves. For m = 1 modes at 1RS, the artificial torque from the displaced main halo is comparable to the torque from the subhaloes, while in the outer regions,
it becomes smaller. The torque from the main halo is negligible for m = 2 modes.
Figure E1. Simulation with subhaloes A and B removed. The first and the
second generation of modes are absent, demonstrating clearly that these
modes are mostly caused by subhaloes A and B.
We further find that the phase of the torque from the displaced
main halo follows closely that from subhaloes, therefore enhanc-
ing the m = 1 spiral structures in our simulations. In a simulation
with a live main halo, it is hence possible that the m = 1 torque
from the main halo may be weaker or even offset a portion of
the torque from subhaloes, therefore leading to weaker m= 1 spi-
ral structures. Calculating this effect precisely requires dedicated,
very high-resolution simulations with a live dark matter halo and is
beyond the scope of this work.
A P P E N D I X E: R E M OV I N G SU B H A L O E S A A N D
B
Further to Section 3.5 where we study the impact of each halo, we
also run a simulation with subhaloes A and B removed at a same
time. Note that since subhaloes A and C are the same subhalo hitting
the disc twice, in this simulation, subhalo C is also removed. As
shown in Fig. E1, when subhaloes A and B are both removed, only
very weak modes develop for z > 0.7, demonstrating that the first
two generation of modes are mainly caused by subhaloes A and B.
APPENDI X F: SUBHALO I NSPI RALS IN LIVE
AND STATI C HALOES
To study the influence of substituting the live main dark matter
halo with an analytic halo potential, we compare the inspiral of
subhaloes listed in Table 1 in the Phase-1 and Phase-3 simulations.
The evolution of each subhalo’s mass and distance from the centre
of the main halo is illustrated in Fig. F1. As shown in left-hand
panels, subhaloes lose significant amount of mass every time they
go through the central region of the main halo. The mass loss with
a live halo (in blue) and with an analytic halo (in green) is generally
comparable up to the pericentric passage, ranging from 50 per cent
to 80 per cent. However, after the passage through the stellar disc,
the mass loss of subhaloes is typically larger in the Phase-3 than
in the Phase-1 simulation (which does not contain a live stellar
disc).
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Figure F1. Mass evolution (left) and distance from the centre (right) of subhaloes as they pass through the central region of the halo and the disc. The impact
times in the Phase-3 simulation of the subhaloes are marked with vertical arrows. Up to the passage through the pericentre mass loss is comparable in the two
simulations. For earlier impacts (subhaloes A, B, and C), the impacting time corresponds very well between the two simulations, while impacts happen earlier
in the Phase-3 simulation for subhaloes D–G. Note that subhaloes A/C and B/E are largely disrupted at the later times of the simulation, where we truncate the
curves.
As can be seen from the panels on the right, for subhaloes A, B,
and C, the time of the pericentric passage in the two simulations
is very similar (as majority of their trajectory has been computed
prior to the start of the Phase-3 with the live dark matter halo
present), while other subhaloes reach pericentre somewhat earlier
in the Phase-3 than in the Phase-1 simulation. This is due to the fact
that in the Phase-3 simulation, the lack of the main dark matter halo
leads to a much lower dynamical friction on the subhaloes. None
the less, this should not affect our results regarding the response of
the stellar disc to the subhaloes. In fact, we have verified that the
velocity of the impact is comparable (within a factor of 1.2) and that
the time subhaloes spend within half of the apocentre is comparable
as well (within factors of 0.85–1.17).
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